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Inspired by the Generalized Proca Theory, we study a vector-tensor model of inflation
with massive vector fields and derivative self-interactions. The action under consideration
contains a usual Maxwell-like kinetic term, a general potential term and a term with non-
minimal derivative coupling between the vector field and gravity, via the dual Riemann
tensor. In this theory, the last term contains a free parameter, λ, which quantifies the non-
minimal derivative coupling. In this scenario, taking into account a spatially flat FRW
universe and a general vector field, we obtain the general expressions for the equation
of motion and the total energy momentum tensor. Choosing a Proca-type potential, a
suitable inflationary regimen driven by massive vector fields is studied. In this model,
the isotropy of expansion is guaranteed by considering a triplet of orthogonal vector
fields. In order to obtain an inflationary solution with this model, the quasi de Sitter
expansion was considered. In this case the vector field behaves as a constant. Finally,
slow roll analysis is performed and slow-roll conditions are defined for this model, which,
for suitable constraints of the model parameters, can give the required number of e-folds
for sufficient inflation.
Keywords: Inflation; vector field; generalized Proca theory.
PACS numbers: 98.80.Cq, 98.80.-k, 04.50.Kd
1. Introduction
The hypothesis of inflation was introduced in cosmology in the early 80’s to resolve
some problems present in the Hot Big Bang model of the universe (e.g., the hori-
zon, the flatness, and the monopole problems, among others).1–3 In the inflationary
regimen, the space grows exponentially (or quasi-exponentially) fast in a very short
time and at very high energy scales after the Big Bang. Furthermore, inflation can
explain other phenomena observed in the current universe: the temperature fluc-
tuations in CMB spectrum,4–6 the existence of large scale structures,7–9 and the
nearly scale invariant primordial power spectrum.10, 11
Usually, to explain the dynamics of inflation it is necessary to introduce one or more
scalar fields coupled to gravity. In these models, the fundamental condition requires
that the potential energy of the fields dominate over their kinetic term, namely,
1
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the potential should be flat. Under this condition, it has the so-called slow-roll in-
flation (for more details about this topic see Refs. 12 and 13). Besides the scalar
fields models of inflation, in recent years some authors have considered another al-
ternative, suggesting the possibility that the inflation is driven by massive vector
fields.14–18 The vector fields also have been considered as another alternative to solve
the dark energy problem.19–26 The most general theory for a massive vector field
with derivative self-interactions with a priori arbitrary coefficients, was introduced
in Refs. 27 and 28, the so-called, Generalized Proca Theory. This model constitutes
the Galileon-type generalization of the Proca action with only three propagating
physical degrees of freedom.The Generalized Proca Theory and its extensions (Be-
yond generalized Proca theories) have been extensively studied in the literature
in the last years.29–41 On the other hand, the gravitational-wave event GW170817
from a binary neutron star merger together with the electromagnetic counterpart
showed that the speed of gravitational waves (GW) ct is very close to that of light
for the redshift z < 0.009 (see Refs. 42 and 43). This places tight constraints on
dark energy models (DE) constructed in the framework of modified gravitational
theories (since these theories predict a variable GW speed at low redshift). From the
above, in order to guarantee the viability (at low redshift) of the Horndeski theories
and its generalizations (e.g, the Generalized Proca Theory) a rigorous analysis must
be performed (for a recent review about this topic see Ref. 44). Nevertheless, this
restriction does not apply to high redshift values, thus, these modified gravitational
theories could be used in an inflationary context.
Recently, a new proposal has been introduced in Ref. 45 (dubbed Scalar-Vector-
Tensor Gravity Theories), where the authors constructs a consistent ghost-free co-
variant scalar-vector-tensor gravity theories with second order equations of motion
with derivative interactions, and in this scenario, it is possible to unify Horndeski
and generalized Proca theories. The generalized Proca interactions can be recov-
ered taking the corresponding limit of the free general functions accordingly. These
scalar-vector-tensor theories could have important applications in cosmology and
astrophysics, namely: inflation, new black hole and neutron star solutions, dark
matter and dark energy.46–48
In this work, taking into account the Generalized Proca Theory, we consider a
vector-tensor model of inflation with massive vector fields and derivative self-
interactions. The action under consideration contains a usual Maxwell-like kinetic
term, a general potential term and a term with non-minimal derivative coupling be-
tween the vector field and gravity, via the dual Riemann tensor. In this theory, the
last term contains a free parameter, λ, which quantify the non-minimal derivative
coupling. The problem with the spatial anisotropy is solved considering a triplet of
orthogonal vector fields.14, 20
This paper it is organized as follows: in section 2 we introduce the vector-tensor
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model of inflation with massive vector fields and derivative self-interactions, and
the corresponding field equations are obtained. In section 3, we consider a flat FRW
universe and a vector field with only spatial components, and from these consider-
ations general expressions for equation of motion and the total energy momentum
tensor are obtained. Also, in this section we consider two possible inflationary sce-
narios driven by massive vector fields: a quasi de Sitter expansion and the slow-roll
approximation. Finally, some conclusions are exposed in section 4.
2. The model
In this section we shall present in brief some basic features of the generalized Proca
theories, and also, we derive the general equations for the model under considera-
tion.
The most general vector-tensor model with second-order equations of motion (the
so-called generalized Proca theories) is given by the action27, 28
Sgen.Proca =
∫
d4x
√−g
6∑
i=2
Li, (1)
where g is the determinant of the metric gµν , and the terms Li (i = 2, 3, 4, 5, 6) are
given by
L2 = G2(Aµ, Fµν , F˜µν) = G2[X,F 2, F · F˜ , (A · F˜ )2], (2)
L3 = G3(X)∇µAµ, (3)
L4 = G4(X)R+G4,X(X)[(∇µAµ)2 −∇µAν∇νAµ], (4)
L5 =G5(X)Gµν∇µAν − 1
6
G5,X(X)[(∇µAµ)3 − 3∇µAµ∇ρAσ∇σAρ
+ 2∇ρAσ∇νAρ∇σAν ]− g5(X)F˜αµF˜ βµ∇αAβ ,
(5)
L6 = G6(X)Lµναβ∇µAν∇αAβ + 1
2
G6,X(X)F˜
αβF˜µν∇αAµ∇βAν . (6)
where X = − 12AµAµ, F 2 = FµνFµν , F · F˜ = Fµν F˜µν , (A · F˜ )2 = AαF˜ασAβF˜ βσ,
(Fµν = ∇µAν − ∇νAµ), Gi,X = ∂Gi/∂X , F˜µν = ǫµναβFαβ/2 is the dual
strength tensor, R is the Ricci scalar, Gµν is the Einstein tensor and L
µναβ is
the double dual Riemann tensor, defined by Lαβγδ = − 12ǫαβµνǫγδρσRµνρσ , where
ǫαβµν is the Levi-Civita tensor. In Eq. (2), G2 is an arbitrary function of all possible
scalars made out Aµ, Fµν and F˜µν of containing both parity violating and preserv-
ing terms.35
From the Generalized Proca Model given by (1), it is possible to perform some
choices of the terms given by Li with arbitrary or particular coupling functions Gi
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(i = 2, 3, 4, 5, 6). For example, in Ref. 41 the authors build an inflationary model
whose action contains the terms L2 and L4 only. In this work, we consider for the
action given by Eq. (1) the following special case
S = SH-E +
∫
d4x
√−g(L2 + L6), (7)
where SH-E stands the Hilbert-Einstein action. Besides, for simplicity we take L2 =
G2[X,F
2, F · F˜ , (A · F˜ )2] = − 14F 2+V (X) and G6(X) = λ (namely: G6,X(X) = 0).
Thereby, the action given by the Eq. (7) takes the following explicit form
S =
∫
d4x
√−g
(
M2p
2
R− 1
4
FµνF
µν + V (X) + λLµναβFµνFαβ
)
=
∫
d4x
√−g
[
M2p
2
R− 1
4
FµνF
µν + V (X)−
λ
4
(
RFµνF
µν − 4RµνFµσF νσ +RµναβFµνFαβ
)]
,
(8)
where Mp in the reduced Planck mass, R is the Ricci scalar and λ is a parameter
with dimensionsM−2, moreover, the explicit form for the double dual Riemann ten-
sor has been introduced. A similar action to Eq. (8) (without potential term) have
been studied in other contexts, for example in Ref. 49, the authors have focused
their analysis on a dynamical setup which is well understood in the conventional
electromagnetism in an axisymmetric Bianchi type I universe. Also, they have con-
sidered the cosmological consequences of this action taking into account the obser-
vational constraints and the sign of the parameter λ. In Ref. 50, the authors have
explored the model in a de Sitter spacetime and studied the presence of instabili-
ties and shown that it corresponds to an attractor solution in the presence of the
vector field. Furthermore, they have investigated the cosmological evolution and
stability of perturbations in a general FRW spacetime (namely, absence of ghosts
and Laplacian instabilities in this theory). Finally, in Ref. 51 the authors propose
a new mechanism for inflation using classical SU(2) Yang-Mills homogeneous and
isotropic field non-minimally coupled to gravity via the dual Riemann tensor, how-
ever in Ref. 52 the authors perform a perturbative analysis, showing that this model
does not provide a consistent inflationary framework due to the presence of ghosts
and Laplacian instabilities.
The variation of the action, Eq. (8), with respect to the metric tensor gµν gives the
field equations
Rµν − 1
2
gµνR = κ
2Tµν , (9)
where κ2 = 8πG = M−2p and Tµν is the energy momentum tensor for the vector
field, which we can split in five terms (for pedagogical purposes), as follows:
Tµν = T
(F 2)
µν + T
(V )
µν + T
(1)
µν + T
(2)
µν + T
(3)
µν . (10)
March 15, 2019 0:30 WSPC/INSTRUCTION FILE AOliveros-ms
Inflation driven by massive vector fields 5
In particular, each term is given by the following expressions:
T (F
2)
µν = F
σ
µFσν −
1
4
gµνFσρF
σρ, (11)
T (V )µν = −2
dV
dX
AµAν + gµνV (X), (12)
T (1)µν = −
λ
2
[
∇µ∇ν
(
FαβF
αβ
)
−gµν
(
FαβF
αβ
)
+2RF σµFνσ−2FαβFαβGµν
]
, (13)
T (2)µν =λ
(
F σµ Fνσ
)
+ gµν
[
∇ρ∇γ
(
F σρF γσ
)
−RαβF σαF βσ
]
+ 2∇ρ∇(µ
(
Fν)σF
ρσ
)
−
2RγρF
γ
µF
ρ
ν + 4F
γσFσ(µRν)γ ,
(14)
T (3)µν = −
λ
4
[
4∇γ∇σ
(
F(µγF
σ
ν)
)
− gµνRγραβF ργFαβ − 6FαβFγ(µRγν)αβ
]
. (15)
On the other hand, the variation of the action with respect to the vector field, gives
the equation of motion
−
(
1 + λR
)
∇µFµν − λFµν∇µR − 4λ∇µ
(
F σ[µRν]σ
)
+
λ∇µ
(
RνµσρF
σρ
)
− 2V ′(X)Aν = 0,
(16)
where the prime denotes the derivative respect to X variable.
3. Cosmological analysis
In this section, we study a possible inflationary regimen of the universe using the
background equations obtained in the previous section. In this sense, the first step
is to consider a flat, homogeneous and isotropic universe whose metric is given by
Friedmann-Robertson-Walker (FRW) metric:
ds2 = −dt2 + a(t)2δijdxidxj , (17)
where a(t) is the scale factor. In addition, we consider that the vector field has
the spatial components only, namely, Aµ = (0, Ai). The contribution to the basic
equations of the model from the temporal component is null.
The explicit form for the total energy-momentum tensor Tµν is obtained adding the
tensors given by the Eqs. (11), (12), (13), (14), (15). Using the FRW metric, the
component T 00 is:
T 00 =
1
4
F 2
(
1 + 6λH2
)
+ V, (18)
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and the spatial components T ij are:
T ij =
1
a2
[
λH∂t
(
A˙iA˙j
)
+
(
λH˙ − λH2 − 1− 2V ′(X)
)
AiAj
]
+
1
4
[
2λHF˙ 2 +
(
2λH˙ + 4λH2 − 1
)
F 2 + V
]
δij ,
(19)
It is evident from Eq. (19) that the spatial part for the total energy-momentum
tensor is not diagonal, therefore, the spatial isotropy is broken.
In a similar way, the equation of motion for the vector field (16) is given by(
1 + 2λH2
)
A¨i +H
(
1 + 4λH˙ + 2λH2
)
A˙i − 2V ′(X)Ai = 0. (20)
To restore the isotropy, it is considered a triplet of mutually orthogonal vector fields
( ~A(1), ~A(2), ~A(3)),14, 20 whose components are given by:
A(n)µ = a(t)A(t)δ
n
µ , (21)
with n = {1, 2, 3}. A(t) represents the magnitude of the vector fields. The orthogo-
nality of the vector fields is given by
~A(n) · ~A(m) = A2δnm, (22)
additionally
3∑
n=1
A
(n)
i A
(n)
j = A
2δij . (23)
From these relations, Eqs. (18) and (19) take the following form
T 00 = −
3
2
(
1 + 6λH2
) (
A˙+AH
)2
+ 3V, (24)
and
T ij =
{
− 1
2
(
A˙+AH
)[
8λHA¨+
(
18λH2 + 4λH˙ − 1
)
A˙+(
10λH3 + 12λHH˙ −H
)
A
]
+
(
3V − 2V ′(X)A2
)}
δij ,
(25)
Similarly, the Friedmann equations take the following form:
2H2 = κ2
[(
1 + 6λH2
) (
A˙+AH
)2
− 2V
]
, (26)
and
6H2 + 4H˙ = κ2
(
A˙+AH
)[
8λHA¨+
(
18λH2 + 4λH˙ − 1
)
A˙+(
10λH3 + 12λHH˙ −H
)
A
]
+ 2κ2
(
2V ′(X)A2 − 3V
)
,
(27)
finally, the equation of motion reads:(
1 + 2λH2
)
A¨+
(
3H + 4λHH˙ + 6λH3
)
A˙+(
2H2 + 4λH4 + H˙ + 6λH˙H2 − 2V ′(X)
)
A = 0.
(28)
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3.1. Inflation driven by massive vector fields
Let’s now consider a particular form for the potential V (X). In the literature,
the usual choice for the potential is V (X) = − 12m2AµAµ (Proca potential), wich
represents a massive vector field with mass m. In this case, the associated gauge
invariance of the vector field is explicitly broken. However, it can be reintroduced
in a straightforward manner using the Stueckelberg trick.
With this choice for the potential, the Friedmann equations (26) and (27) are reduce
to:
2H2 = κ2
[(
1 + 6λH2
) (
A˙+AH
)2
+m2A2
]
, (29)
and
6H2 + 4H˙ =κ2
(
A˙+AH
)[
8λHA¨+
(
18λH2 + 4λH˙ − 1
)
A˙+(
10λH3 + 12λHH˙ −H
)
A
]
+ κ2m2A2,
(30)
The equation of motion (28) takes the following form:(
1 + 2λH2
)
A¨+
(
3H + 4λHH˙ + 6λH3
)
A˙+(
2H2 + 4λH4 + H˙ + 6λH˙H2 +m2
)
A = 0.
(31)
Eqs. (29), (30) and (31) are the background equations which we will use in the next
calculations.
3.2. Quasi de Sitter expansion
In order to obtain an inflationary solution with this model, first, we explore the case
for a quasi de Sitter expansion, namely,
H˙ ≈ 0. (32)
If we set H˙ = 0 in the background equations (29), (30) and (31), is easy to show
that
A˙ ≈ 0, (33)
and using these last two approximations, Eqs. (32) and (33), it is straightforward to
deduce that the vector field satisfy an algebraic equation involving H and A only:
16m4A2H2
(
2H2 −m2A2)
1 + 6λH2
=
[
4H2 + 8λH4m2A2
(
1 + 2λH2
)]2
. (34)
Solving this equation we obtain an expression of the form A = f(H). Therefore, the
background equations only admit a constant A as an inflationary solution (since
Eq. (32) implies that H is a constant).
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3.3. Slow-roll approximation
Usually, the inflationary universe models are based upon the possibility of slow evo-
lution of some scalar field φ in a potential V (φ). Although some exact solutions
of this problem exist, most detailed studies of inflation have been made using nu-
merical integration, or by employing an approximation scheme. The most widely
used approximation scheme in the literature is the slow-roll approximation, which
neglects the most slowly changing terms in the equations of motion.53
Before considering the slow-roll approximation for the model under study, let’s
rewrite Eq. (31) in a more convenient and suggestive form, as follows:
A¨+ 3HA˙+m2effA = λα, (35)
where α and meff (the effective mass of the vector field) are defined as
α ≡ −2
[
H2A¨+
(
2HH˙ + 3H3
)
A˙
]
, (36)
and
m2eff ≡ 2H2 + 4λH4 + H˙ + 6λH˙H2 +m2. (37)
Now, we introduce for the model the slow-roll conditions, given by
A˙2 ≪ m2A2, |A¨| ≪ 3H |A˙|, 2κ4|HAA˙| ≪ 1, |H˙ | ≪ H2. (38)
Using this slow-roll conditions in Eq. (36), we obtain
α ≃ 0, (39)
and Eq. (35) is reduced to
A¨+ 3HA˙+m2effA ≃ 0, (40)
which is similar to the equation of motion for the inflaton field in theories with
scalar fields minimally coupled to gravity.
In a similar way, the slow-roll conditions reduce Eqs. (29) and (40) to:{
2H2 ≃ κ2 (m2 +H2 + 6λH4)A2,
3HA˙+
(
2H2 + 4λH4 +m2
)
A ≃ 0. (41)
It is well known that inflationary period must have a duration that allows resolv-
ing the main problems present in the Hot Big Bang model of the universe. In this
sense, a common practice is to quantify the amount of inflation using a simpler
e-fold number, N , which measures the growth of the scale factor alone. For a suc-
cessful inflationary period, the duration of this regimen should be more than 60
e-folds before the end of inflation.
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The e-folding number is defined by N ≡ ∫ te
ti
Hdt, and for the inflationary model
under consideration in the slow-roll approximation, using Eqs. (41), is given by a
N =
∫ Ae
Ai
H
A˙
dA =
∫ A˜2
e
A˜2
i
−9
10 + 7A˜2 −
√
(A˜2 − 2)2 − 24(A˜2)2β
d(A˜2), (42)
where β ≡ m2λ is a dimensionless parameter and the field A˜ is defined as A ≡ A˜Mp.
The condition that N must be a real number, implies that −2 < β ≤ 0 (for β = −2,
N is indefinite). In Fig. 1, we have plotted N vs. β, using Ae = 10
−6Mp and three
different values for Ai at the Planckian scale (namely, Ai ∽ Mp). On the other
hand, making β = 0 in Eq. (42) and for: (a) A˜2 ≥ 2 and (b) 0 ≤ A˜2 < 2 (since,√
(A˜2 − 2)2 = |A˜2 − 2|), we get
(a) N =
3
2
ln
(
A˜2i + 2
A˜2e + 2
)
and (b) N =
9
8
ln
(
A˜2i + 1
A˜2e + 1
)
, (43)
and choosing the appropriate initial and ending conditions, e.g, using in (a):
Ai = 1000Mp and Ae = 2Mp (Ae ≪ Ai), one has N ≃ 18; and in (b), using
Ai = 1Mp and Ae = 10
−6Mp, one has N ≃ 0.8. We can see that in both cases it’s
not possible to obtain a suitable amount of e-foldings (N & 60) for sufficient infla-
tion. In addition, making λ = 0 and m = 0 (namely, β = 0) in Eqs. (29) and (30) is
easy to show that the present model represents radiation with the equation of state
pA = ρA/3 and in this case there’s not inflation at all, which is in agreement with
the above analysis. From Fig. 1 is clear that, choosing the appropriate values for Ai
and β, it is possible to obtain the sufficient amount of e-foldings, e.g, Ai = 9Mp,
Ae = 10
−6Mp and β = −1.97, one has N ≃ 60.
Now, in order to verify the validity of the slow-roll approximations used previously,
we have checked numerically (using the background equations (29) and (30)) the
behavior of the slow-roll parameters ǫ, δ, η and ξ defined as follows:
ǫ ≡ − H˙
H2
, |ǫ| ≪ 1; δ ≡ A˙
2
m2A2
, |δ| ≪ 1 (44)
and
η ≡ − A¨
3HA˙
, |η| ≪ 1; ξ ≡ −2κ4HAA˙, |ξ| ≪ 1. (45)
We can see in Fig. 2 that the validity of the slow-roll parameters (namely, |ǫ| ≪ 1
|δ| ≪ 1, |η| ≪ 1 and |ξ| ≪ 1) during the inflationary phase are satisfied.
Finally, although the model presented here has second order field equations, this
is not enough to guarantee a stable theory. Therefore, in order to guarantee the
aThe analytical expression for the e-folding number N is not shown, since it is very large.
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Fig. 1. Evolution of the e-folding number N with the parameter β, using Ae = 10−6Mp and
three different values for Ai: Ai = 5Mp (dotted line), Ai = 7Mp (dasshed line) and Ai = 9Mp
(solid line).
full stability of the inflationary model considered above, it’s necessary to dismiss
the presence of ghosts and Laplacian instabilities. Let us recall that a ghost is a
field with negative kinetic energy and a Laplacian instability implies that we have
negative squared propagation speed for high enough frequencies. In general the
ghosts are associated with the longitudinal vector polarization present in vector-
tensor models (e.g, some specific models involving massive vector fields), and are
found from studying the sign of the eigenvalues of the kinetic matrix for the physical
perturbations. And, the Laplacian instabilities are found from studying the sign of
the squared speed of sound (namely, to avoid the Laplacian instability we must
require that c2s ≥ 0, which ensures that the equation of motion for the vector field
takes the form of a wave equation and, thus, no exponentially growing solutions
exist). In this sense, it’s necessary to collect all the conditions we need to impose
to the present model in order to stabilize the system around the de Sitter solution
against ghosts and Laplacian instabilities. From this point of view, the strength
and sign that could take the non-minimal coupling parameter λ is fundamental in
this case, and on the other hand, the particular form for the potential used in the
present model (Proca potencial) could be a source of potential instabilities. Hence,
a detailed perturbative analysis around the de Sitter background, like those studied
in Refs. 41, 50 and 52, must be performed for this model. However, this analysis is
beyond of the scope of the present work and could be addressed later.
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10-20
10-14
10-8
0.01
N
ΕHNL
∆HNL
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ΞHNL
Fig. 2. Evolution of the slow-roll parameters with the e-folding number N : (top) ǫ (dashed line)
and δ (solid line); (bottom) η (dashed line) and ξ (solid line). In this numerical simulation we
have used λ = −1M−2p and m
2 = 1M2p (an analogous behavior it is obtained using λ = 1M
−2
p
and m2 = −1M2p ). Furthermore, the change of variable dN = Hdt was performed and the initial
conditions used were: Hi = 10−4Mp, Ai = 1Mp and A′i = 0, where a prime represents a derivative
with respect to e-folding variable, N .
4. Conclusions
In this work we have studied a vector-tensor model of inflation with massive vector
fields and derivative self-interactions (inspired in the Generalized Proca Theory).
The action under consideration contains a usual Maxwell-like kinetic term, a gen-
eral potential term and a term with non-minimal derivative coupling between the
vector field and gravity, via the dual Riemann tensor. In this theory, the last term
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contains a free parameter, λ, which quantify the non-minimal derivative coupling
(see Eq. (8)). In this scenario, taking into account a spatially flat FRW universe and
a general vector field, the general expressions for the total energy momentum tensor
and the equation of motion were obtained (see Eqs. (18), (19) and (20)). In this
model, the isotropy of expansion was guaranteed by considering a triplet of orthogo-
nal vector fields (see Eq. (21)). Using a Proca-type potential, a suitable inflationary
regimen driven by massive vector fields was studied. In order to obtain an infla-
tionary solution with this model, first, the case for a quasi de Sitter expansion was
considered. In this case the vector field behaves as a constant (see Eq. (34)). For the
second case, slow-roll analysis was performed and slow-roll conditions were defined
for this model, which, for suitable constraints of the model parameters (−2 < β ≤ 0)
and for Ai at the Planckian scale, it was possible to obtain the required number of
e-folds (N ≃ 60) for sufficient inflation (see Eq. (42) and Fig. 1). Also, for β = 0,
it was shown that the present model represents radiation (at the Planckian scale)
and there’s not inflation at all (see Eq. (43)). Finally, In order to verify the validity
of the slow-roll approximations, we have checked numerically the behavior of the
slow-roll parameters ǫ, δ, η and ξ (see Eqs. (44), (45) and Fig. 2).
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